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Abstract 

We study glueballs in the holographic gauge theories, supersymmetric and non-super 
symmetric cases, ■which are given by the type IIB superstring solutions with non-trivial 
dilaton. In both cases, the dilaton is responsible for the linear potential between the 
quark and anti-quark, then we could see the meson spectra. On the other hand, the 
glueball spectra are found for the non-supersymmetric case, but not for the supersym- 
metric case. We find that we need a sharp wall, which corresponds to an infrared 
cutoff, in order to obtain the glueballs. In the non-supersymmetric case, the quantized 
glueballs are actually observed due to the existence of such a wall driven by the dilaton. 
We could see the Regge behavior of the higher spin glueball states, and the slope of 
the glueball trajectory is half of the flavor meson's one. 
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1 Introduction 



Since the holographic approach is a powerful method to study the non-perturbative 
properties of the strong coupling gauge theories [H [21 Ej , various attempts to examine 
the properties of quantum chromo dynamics (QCD) have been performed. Among 
them, an interesting approach is to study the mass spectra of glueballs. The discrete 
mass spectra for small spin states are obtained in terms of the normalizable Kaluza- 
Klein modes of quantum fluctuations of bulk fields [1]-[T2]. 

Previously we have studied the open strings (flavored mesons) [H] in the back- 
ground with two simple dilaton configurations, supersymmetric [151 US] (SUSY) and 
non-supersymmetric (non-SUSY) [ITj versions. These configurations are obtained as 
the solutions of type IIB supergravity with five form field flux, dilaton (and axion for 
SUSY version). In both solutions, the non-trivial dilaton provides the gauge conden- 
sate {F"^), and it leads to the tension (tm) of the linear potential between the quark 
and anti-quark being proportional to ^ (F^) [18]. Then we could obtain the mass 
spectra for the flavor mesons. Further, the Regge behavior for their higher spin states 
has been obtained in terms of rotating open-string configurations for the Nambu-Goto 
action [I4] . 

Here, the analysis is extended to the glueballs (closed strings) in the two dilatonic 
backgrounds mentioned above in order to make clear the role of the dilaton or the 
gauge condensate furthermore. We firstly show the existence of a kind of potential 
wall for strings in the non-SUSY bulk, but it is absent in the SUSY case. Then we find 
the importance of this wall to realize the glueball spectra through the following two 
analyses. 

Firstly, the classical configuration is studied for the closed spinning strings as per- 
formed in other cases [191 1201 1211 1221 1231 [211 [21]. Supposing the folded configuration, 
we find the Regge behavior for both SUSY and non-SUSY. However, in the SUSY case, 
the stable configuration is found at the horizon (r = 0) where a metric singularity is 
observed for grr{f) with respect to the radial coordinate r. This singularity implies 
that the quantum fluctuation of this configuration in the direction of r is suppressed, 
then we expect the absence of the glueball obtained from the bulk fields. 

This point is assured through the second glueball analysis, in which the glueballs 
are studied as the quantum fluctuations of bulk fields. Namely, while the glueballs are 
observed in the non-SUSY case, but not in the SUSY case for various bulk fields. Both 
analises are therefore compatible. As a result, it can be said that the SUSY background 
considered here is not enough to realize the glueballs in spite of the fact that the quark 
confinement is realized in this case. 

In the non-SUSY background, however, the bulk curvature has a (naked) singularity 
at r = tq. Then, we should perform the holographic analysis in the region of r outside of 
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this singularity. In the case of D4 brane model [HIS], the singularity (at r = 0) is covered 
by the event horizon rh, and the holographic analysis is restricted to r > rft(> 0). In 
the non-SUSY background considered here, such a parameter like is absent in the 
metric, however, we observe that strings and branes are prevented to arrive at tq due 
to the wall mentioned above. For example, we find that static open-strings are blocked 
at rm(> ro), and then the rotating closed strings are trapped at r^, where the metric 
is non- singular. 

Another type of non-SUSY background solution, which also has a naked singularity 
at r = 0, has been proposed by Constable and Myers [6], and then it has been used 
to study the meson spectrum [26]. In this case also, a similar potential wall can be 
observed, and then This wall prevents any physical fields in the bulk from approaching 
to the naked singularity. However, in this case, glueballs coming from the graviton and 
dilaton were absent [6] in spite of the wall. Then, in this point, the dual theory of [6] 
is different from our non-SUSY case since glueballs for all fluctuations are observed in 
our case. 

The outline of this paper is as follows. In the next section, the bulk solutions 
for our holographic model are given, then the wall of the gravitational potential is 
shown and examined for strings. In the section 3, glueballs are studied by solving 
the Nambu-Goto action, and then the role of the potential wall is shown. Then, in 
the next section, the glueball spectra are given by solving the equations of motion of 
the bulk fleld fluctuations. The results are compared with the lattice simulation and 
other calculations in the section 5. The summary and discussions are given in the flnal 
section. 

2 Bulk Background 

Here we give the ingredient of our holographic model for conflning Yang-Mills theory 
to study glueballs. We consider lOD IIB model retaining the dilaton $, axion x ^^id 
self-dual flve form fleld strength F(5). The action is given as 

5(10) = ^ / d^'x^g {r - \m' + \e''{dxf - ^FJ)) , (2.1) 

where other flelds are consistently set to zero, and x is Wick rotated [27]. Under the 
Freund-Rubin ansatz for F(5), F^^...^^_^ = —\fX/2 e^^.-.^g , and for the lOD metric as 
M5 X or ds^ = g^ydx^dx^ + gkidx'^dx\ the solution given below has been found 
[TB] . Where (/z, z/) = ~ 4 and (A;, /) = 5 ~ 9. The flve dimensional part (M5) of 
the solution is obtained by solving the following reduced 5D action, 

= ^ / d'x^g (i? + 3A - \{d^f + le'^idx?) , (2.2) 



2 



which is written in the Einstein frame. And the corresponding equations of motion are 
given as 

Rmn = \ {dM^dN^ - e^^dMXdNx) - ^9mn (2.3) 

-^Om = -e"'g''''dMXdNX , (2.4) 

Om {V^e'^g'^'^dr.x) = (2.5) 
The bulk solutions are obtained under the ansatz for the metric, 

dsl^ = GMNdX^'dX"" = e''/'gMNdX^'dX'' 

= e*/2 l^-dt' + E(^^T) + ^dr' + R^dill^ , (2.6) 

where Gmn {qmn) denotes the string (Einstein) frame metric and M, = ~ 9 and 
R = VA/2 = {AngsN^a'^y/^ = {Xa'^^^ and A = iTigsN^ denotes the 'tHooft coupling. 
We consider the following two simple solutions which are dual to the confining YM 
theory. 

(i) Supersymmetric solution 

In order to reserve supersymmetry, the solution is obtained under the ansatz, 

X = -e-* + Xo. (2.7) 

Then, we obtain 

e* = l + ^, A = l, (2.8) 

where the dilaton is set as e* = 1 at r — )■ oo, and the parameter q corresponds to 
the vacuum expectation value (VEV) of gauge fields strength [16] of the dual theory. 
Then this solution is dual to the four dimensional A^=4 SYM theory with a constant 
gauge condensate. Due to this condensate, the supersymmetry is reduced to Af=2 and 
then the conformal invariance is lost since the dilaton is non-trivial as given above. 
As a result, the theory is in the quark confinement phase since we find a linear rising 
potential between quark and anti-quark with the tension ^/q/ {2na'R^) [151 IIHl 118] . 

Furthermore, we can see that the space-time is regular at any point. In the ultraviolet 
limit, r — )■ oo, the dilaton part e'^ approaches to one and the metric (12. 6p is reduced to 
AdS^ X 5"^. On the other hand, the dilaton part e'^ diverges in the infrared limit r — )■ 0, 
so that one may expect a singularity at r = 0. However there is no such a singular 
behavior. This is assured by rewriting the metric (12. 6p in terms of new coordinate 
where z = R'^/r. Then we obtain 

dsl^ = e''/^^(-dt^ + {dx'f + dz^ + z''dnl) . (2.9) 
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In the infrared hmit 2; — )■ oo, we have 



e*/'5 = ^V^ + :^-^- (2-10) 




Therefore we find lOD fiat space time in this limit and no singular point [T^ [TB] . 
Here we notice the following point. The left-hand side of Eq. fl2.10p is expressed as 

e^l^^ = ^\Gu\Gu^Q{z), (2.11) 

where Gu expresses one of the metric of the three space component and is not summed 
up. Q{z) has a minimum at 2; = 00 (r = 0) and the value of the minimum is finite. 
This is the condition to reproduce the area law of the Wilson loop [28]. The minimum 
value of Q{z) is proportional to the tension of the linear potential between the quark 
and the anti-quark. From this observation, we can assure that the background given 
here leads to the confinement of the dual gauge theory. 

(ii) non-Supersymmetric solution 

As for the non-supersymmetric case, the solution is given by retaining only the 
dilaton, namely for x = 0, then the supersymmetry is lost in this case. The solution is 
obtained as [17] 




A{r)=\l-[-]] , -'=(1^7^^)'''' X = 0. (2.12) 

This configuration leads to curvature singularity at the horizon r = tq. So we cannot 
extend our analysis upto this horizon where some terms like higher powers of curvatures 
or non-trivial RR fields would be needed to make smooth the singularity. This point 
is an open problem here. 

The confinement prope rty of th e dual theory for this solution is assured as above 
through the factor Q = ^J\Gtt\ Ga. In this case, it is given as 

2 1+7372 
Q{r)=e'^/^!—A\r) = =. (2.13) 
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This diverges at r = rg , then rapidly decreases with increasing r near tq (see FigJT]) . On 
the other hand, for large r, e*''^ and y4^(r) approach to one, then Q{r) increases with 
r like r^. These implies that (5(r) has a minimum at a point r = rm(> '"o)- Actually, 
from 



dQ{r) 



dr 



(2.14) 
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Tm and the minimum value Q{rm) are obtained as follows 



rof^l.lSro, Q(r^) ^ 2.40 ( ) . (2.15) 



Q(r) 
10 r 




Fig. 1: The gravitational potentials E^Q{r) for rg = 1 is shown for non-supersymmetric 
solution, and for super symmetric case with q = y/Qr^. The minimum at about r = 1.18 tq 
and the steep potential wall near rg are seen for non-supersymmetric case. The curve c (= r^) 
represent the potential for the case of $ =constant, namely for no gauge condensate. 



(iii) Wall for strings 

As shown below, the static open strings could approach to r^,, but they are blocked 
at since infinite energy is needed to arrive at this point. In the following, we examine 
more details of this phenomenon. 

The two-dimensional world-sheet coordinates of open string are set as (r, a) = 
{t,x{r)), and the Nambu-Goto action for the open string is given as 

1 



S = J drda ^-det Gab (2.16) 

^ / dtdx^-Gu (G,, + Grr{d^rf) , (2.17) 



2'Ka' 

where Qab = GMndaX'^^dbX^ . Then, the energy is given as 

^ = dxJ-Gu (G,. + ar(5.r)2) ^ (2.18) 

lira Jo ^ 
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where L represents the distance between the end point of the open U-shaped string at 
the boundary r = Vmax- The classical solution has been solved as U-shaped form in the 
x-r plane. At the bottom of the U-shape string, (x, r) = (0,rmm), dxT = 0. Therefore, 
= fmin is the minimum point of the open string of r. Solving the equation of motion 
for r, we get the following relation 



- GuGrr{d,ry 



(2.19) 



where is defined above and h represents an integration constant. Then, this relation 
becomes 



drT = ± 



\ 



H 



Gr 



Then we can take as 
As a result, L and E are given as 

2 " 



E 



h. 



dr 



ira' Jo h 



For the background fl2.12p . L is estimated as 



L 
2 



dr 



(2.20) 
(2.21) 

(2.22) 

(2.23) 

(2.24) 



where e is a small finite number. The latter integral is finite since the integrand is finite 
in the region of (r^ <)rmin + e < r < r^ax- Then, the former integral is estimated in 
the limit of rmin — ^ as follows 0, 



lim 



dr 



Q 



X I log {e + p+ ^e'^ + 2pe^ - log (|))| , 

where the right hand side is expanded near rmin = ^m, and 

1 



P 



(Q^)" /{Q^)' + 2H'/H 



(2.25) 



(2.26) 



^The details of the calculation are given in Appendix 1X1 
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Here, for non-supersymmetric case, we notice that p ~ )n2\» 



and the prefac- 



tors is finite. Then we find 

K^r^^oo. (2.27) 

Then the open strings cannot exceed due to the infinite energy cost since the energy 
is proportional to the length of the string as shown below. 

As for the energy E, it would be estimated from f l2.23p at its minimum according to 
the action principle as follows, 

B««r=)/"=,,= «M£. (2.28) 

This implies that the tension of the linear potential between a quark and an anti-quark 
is given for the non-supersymmetric 

This result guarantees the confinement of quarks. 

Here we give the following comments related to the above calculatioii^. 

i) The same phenomenon is seen for the supersymmetric case by replacing r = 
by r = 0. In this sence, the wall is receded to the limit of r = 0, where Q{r) defined 
above takes its finite minimum value Q{0) = y/q/R"^ due to the non- vanishing q. Then 
we could find linear potential also in the supersymmetric case [T5l [T6l [T8] . 

ii) In the case of the Witten's D4 model, we also find this behavior of the string 
stretching at the event horizon. In this case, however, the origin of this behavior is 
reduced to the property if = at the blackhole horizon. In this sense, the mechanism 
of the confinement in D4 model would be different from the our non-SUSY model. We 
show its details in the appendix El 

iii) It is possible that a string could pass and approach to when it is pushed 
from a point rj(> r^) toward with definite energy and velocity [29j. However, it 
can never touch tq since an infinite energy is necessary to arrive there. 

iv) Another time dependent (moving) string is considered in the next section (Sec. 4), 
namely the rotating closed string as a glueball state. Its stable state with a finite energy 
and angular momentum is found at r^, then it does not move from to the larger 
nor smaller r. 



^We also find more roles of the infrared wall for other classical configurations, for instance, D7- 
brane embedding as flavor-brane and D5-brane wrapped on as baryon vertex. Since its analyses 
are far from our purpose, we give the details in Appendix [BJ 
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3 Glueballs as Rotating closed string 

Flavored mesons are given by a open string with two end points are on the D7 brane. 
On the other hand, the glueballs with higher spin would be represented by rotating 
closed strings in the bulk. Such a rotating string is formulated as follows. 

In the following analysis we adopt the coordinate z = W^/r, then the metric fl2.6p is 
written as follows 

dsl, = e"/^^ {a\z) {-de + {dx'f) + dz"" + z^d^ll) . (3.1) 

Further, the metric for the string which rotates around the axis is given by cylindrical 
polar coordinates as, 

ds%^ = e"/'^ (A^z) {-de + dp^ + p2rf^~2 ^ ^^2^) ^ ^^2-^ ^3 2) 

Taking the string world sheet as (r, cr) = (t, z) and the ansatz, p = p{z) and 6 = ut, 
the induced metric is given as 

Qrr = e^/'^A'iz) {-1 + u'p') , = e"/'^ {A\z)p" + l) , (3.3) 



where prime denotes the derivative with respect to z. Then we have 

^string = JdtC = J dtdze''/'A\z)^^il - {p'' + ^^'(^)) • (3-4) 

From this, the spin Jg and the energy Eg of this string are given as 



dC 1 r . X R 9 



p'^ + A~^{z) 



E^ = uj^-C = J- f dze^'^A^z)^. ^ 
duo 2'Ka' J ^ z^\ I 



p" + A~\z) 



iJ^p^ 



(3.5) 



(3.6) 



These are estimated by giving appropriate solutions for the corresponding strings. 

Equations of motion for folded strings 

In order to solve the string equation, it is convenient to use the reparametrization 
invariant formalism since the configuration of a solution is given by a continuous curve. 
So the solution can be expressed by one parameter, s or a as given in [T3]. The 
Lagrangian is written in terms of s as 

£ = / dsl = £ dse''''A\z)^^{l - uj^p^) (p2 + z^A-\z)) . (3.7) 
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where dot denotes the derivative with respect to s. Sj(= 0) and Sf{= 27r) are defined 
as 

z{si) = z{sf), z{si) = z{sf) = . (3.8) 

p{si) = p{sf) , p{si) = p{sf) = . (3.9) 

These equations mean that the end point of the string is smoothly connected since we 
consider closed string solutions. 

The equations of motion to be solved are obtained by introducing the canonical 
momentum as, 

Pp=gr, P.= gr, (3.10) 



we have the Hamiltonian 



H F 
H = 2-, A= , , (3.11) 

^ Jp^ + PA-^{z) 



F = e''/^A^iz)^^l-u^p\ (3.12) 



H = Upl + P'A'i^)-F') . (3.13) 
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Then the Hamilton equations are obtained from H instead of H for the simplicity, 

p = Pp, z = p,A\z), (3.14) 

Pp = -ujpQ{z), p, = -p^A{z)— — + -[l-ujpj— , (3.15) 



dz 2^ ) dz 

and 



R 



4 



Q\z) = e''A\z)^. (3.16) 
z^ 



3.1 Solution in the SUSY background 

We solve above equations for the closed string in the supersymmetric background, 
(12. Sp . by imposing the ansatz, 

Z = Zm, (3.17) 

where ZfYi IS 3) constant. This satisfies the above boundary condition (13. 8p of course. 
Then, from the second Eq. fl3.15p . we find 

Zm = oo, (3.18) 

which means rm = R'^ / Zm = 0. 
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Alternative way to obtain this solution is as follows. First, rewrite the Eq.f l3.7p by 
using ansatz (13 .17^ as follows 



^g(z^) / rfpv'(l-a;V), (3.19) 



where Qi^z) is given in the above f l3.16p . Then solving this with respect to we find 
it as the minimum point of Qi^z). This point is already discussed above in the previous 
section. 

As for p, from the remaining equations we find 

We use this simple slution in the followings. 
Regge behavior 

The spin and the energy of this closed string configuration are given by using the 
above equations (13.51) and (13.61) as 



Js = 7, — ^2 / dpe ' —up W— 3.21, 



^, 1 2r,,e^/4Ji±(MM:. ,3.22) 

Substituting the above closed string solution, we find 

Then we obtain 

1 1 a' 

Js = Q^glucball-^s ' '^glueball = 2^ — 2Q(^z ) (3.24) 

Here we notice that 



1 
2 

where a'^^^^^ represents the slope parameter of the flavored mesons [1 



'^glucball r)'^mcson (3.25) 



Problems of SUSY solutions 

We notice here that the above solution is pulled down upto r = by the gravita- 
tional attractive force. However, we find that g^r becomes infinite at this point. Then 
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it leads to a difficulty when we consider quantum fluctuations around this classical 
configuration. We can expand the action around the above classical solution as 



C ^ e^'-V^g = 1 + ^ {- {Pf5r' + (l " ^^V) 5r'-} + ■ ■ • , (3.26) 



go = {l-uj p)p — 



(3.27) 



where dot and prime denote the derivative with respect to r and s. The ellipsis rep- 
resent other fiuctuations and higher order terms. Then the coefficient of the quadratic 
terms of Sr in C diverges like I/t^ for "^m = 0. This implies that 6r must be sup- 
pressed, then the quantum fiuctuation of the closed string configuration given here 
cannot spread in the radial direction. 

This point is the defect of the present supersymmetric model. Consider the zero 
size limit of this closed string solution, then it corresponds to a point particle in the 
bulk [To]. It is dual to the glueball operator of 4D Yang-Mills theory. However, this 
fiuctuation could not propagate in the bulk. As shown below, in the present case, we 
actually cannot find glueball spectra through the fiuctuations of the bulk fields in the 
supersymmetric bulk background. This indicates that we must improve the background 
configuration such that the classical configuration of a closed string allows the quantum 
fiuctuation in the radial direction. One realization is given in the non-supersymmetric 
shown below. 



3.2 Solution for non-SUSY background 

For the non-supersymmetric background solution (12.121) . by solving the equation of 
motions (13.141) and (13.151) . we find Zm as follows 

i?V^- = ^m ~ 1.18 ro. (3.28) 

This is the same result with the one given in (12.151) since the same equation is solved. 
Namely it is obtained as the minimum oi Q = ^J\Gu{r)\Gii{r). Then the closed strings 
are trapped at Zm and separated out of the singular point tq. This fact is different from 
the case of Witten's D4-brane background because the closed strings are not trapped 
at the horizon U = Ukk in the background, and the strings continue to drop up to 
[7 = through the horizon Ukk- 
As for p{s), we find 

p = -sin (Qizjus) . (3.29) 

While, in the supersymmetric case, the metric divergence has appeared at r^, there is 
no such a metric divergence at rm in the present case, since Vm > > 0. 
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We should notice here that p is finite in spite of the fact that the string stays at r^. 
In the case of the open strings discussed above, the length becomes infinite when the 
string approaches to Tm- There is no contradiction between the two results since the 
closed string in the present case is rotating. In general, moving string could pass the 
point Tm if it has enough energy to climb the wall as seen in [29] 

Regge behavior 

The spin and the energy of this closed string configuration are estimated by using 
the equations f l3.5p and fl3.6p as in the supersymmetric case. Then we have the result, 

T _ /NS p2 /NS _ 1 / 1 (n nn,\ 

o's — « glucball-^s ' " glueball ~ o" /O ' I^O.OUJ 

Here we notice that Qm/ (27ra') represent the tension of the quark and anti-quark linear 
potential obtained for the non-supersymmetric model used here, then we also find 

/NS _ 1 /NS /o Qi \ 

^ glueball ~ 2^ meson l^O.OiJ 

for mesons with large spin. 



4 Glueballs from bulk field fiuctuations 
4.1 non-Supersymmetric case 

For non-supersymmetric background, we find the classical stable configuration of glue- 
balls corresponding to the large quantum number state. And quantum fiuctuations 
can be added them to see the corrections to the Regge behavior obtained above. For 
zero size limit of the classical string, namely the point particle case, we study the cor- 
responding glueball state by solving the field equation of the quantum fiuctuation of 
the bulk fields as given below. 

Graviton 2+^^; As for the glueball spectrum, many attempts have been made by 
solving the linearized field equations of bulk field fluctuations in the given background. 
Here we consider the field equation of the traceless and transverse component of the 
metric fiuctuation, which is denoted by hij. Its linearized equation is given in the 
Einstein frame metric as 

-^Qm {^gg^'^'dNK) = , (4.1) 

where we use z instead of r and assumed as hij = hij{ ) , then M, are the five 

dimensional ((a:°, x*, 2)) sufficesj^l This equation is equivalent to the massless scalar 

•^In the string frame metric case, this equation is written as —^dM {y/^ge^'^'^ 9^^^ dNhij) = as 
given in [5] 
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field equation. As shown in [TT], this equation is common to 2~^~^, l"*""*" and the one 
of the non-active dilaton O"*""*", which are dual to the glueball of F^^F^'^ . While it 
is usually used to derive the type IIA theory, the NS-NS part is common with the 
one of the type IIB theory. Then the masses of these three spin states degenerate. 
However, we are considering non-trivial dilaton background configuration, then the 
above Eq. fl4.1l) is used for the graviton fluctuation, the glueball of 2++ state. 



By setting as h 



iz) and —k"^ 



Pije 
9z{z 



m , we ge 



E 



m 



(log \{R/zfA* 



0, 



3 d,A 
z A 



Here we notice 



A 



1- - 




(4.2) 
(4.3) 

(4.4) 



where Zq = E? /tq. Then we see that the equation (14. 2 p has 10 regular singularities at 
2; = 0, oo and the points of = 1. We therefore try to find the eigenf unctions in 

the region of < z < through WKB approximation [5l [8] by changing the variable 
from z to y which is defined as 



where y is defined in the region of — 00 < ?/ < 00. 



(4.5) 



Then the equation fl4.2p and fl4.3p are rewritten as 



92{y) 



92{y)dy(f) 
hey 



m 



A^ {1 + eyy 
.d,,A 



1 + ey 



4- 



A 



(4.6) 
(4.7) 



In order to perform the WKB approximation, we rewrite the wave function as 
e-U'iy9^(y)f{y), then we obtain 



d'f + V{y)f = 0, V = -gl + -dyg, 



m 



zyy 



4"^ ' 2"^"" (l + ev)^ 

This is the one dimensional Schrodinger equation form with the potential V and the 
zero energy eigenvalue. For an appropriate mass m, we can see that V has two turning 
points, yi and y2(> 2/i), to give [5] 

r 



/ V^dy 

Jyi 



n 



TV 



(4.9) 



^Here active means that the dilaton background solution is nontrivial as in the present case. 
^ Pij denotes projection operator onto the traceless and transverse components. 
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with integer n. From this equation we obtain the discrete glueball mass m„, where 
n denotes the node number of the eigenfunction. The potential for the zero node is 
shown in the Figl2j 

Here we should give the following comments. 

• We notice here that the two turning points found above are finite. This fact is 
understood as follws. The " Schrodinger" potential V{y) given in (14. 8 p is expanded for 
small e^(= x) as 

™ ™3/2 n^rf'i 

V{y) = ^ - ^^{rnz,f + ^ + 0{x^l') . (4.10) 

This implies that V[y) change sign near x = (at about x ~ l/(2m^2Q)). On the 
other hand, at large x, we have 

1^ /4^ \ 1 

V{y) = 4 - ^ + - (rn^o)^) ^ + Oiljx') . (4.11) 

Then, V[y) approaches to 4(> 0) at large x. Therefore, there are two turning points 
at finite y or x. This point is very important since the turning point in the smaller 
side of y is found oX y = — oo in the D4 model [3] and Constable-Myers model [B]. In 
the Fig. [21 the potential V{y) is shown for the zero node state, and we actually have 
the two finite turning points in our case as, ?/+ = 0.02065 and y- = —6.526. 

• In the case of D4 model, the point y = — oo corresponds to the event horizon of 
the bulk black hole background. This point, fortunately, is not a singular point of the 
supergravity background, then it would be meaningful to impose a boundary condition 
as a turning point for the WKB approximation. However, for the Const able- Myers 
model, this point y = — oo is at the naked singularity of the bulk background, so the 
authors of [6] concluded as that the glueballs of 2"*"+ and O"*""*" cannot be seen in their 
model due to this reason. 

• In our model, the turning points are far from y = — oo, where the naked singularity 
exists, then we can perform the WKB analysis without worrying on this point. This 
would be reduced to the fact the singular point is at r = ro, which is finite, and the wall, 
which push out the classical string configurations and D-branes, also at the outside of 
the singularity. We suppose that, due to this wall, the quantum wave-function is also 
confined in a finite range, then we could find discrete spectrum as shown below in 
terms of the WKB approximation. 

Axion ^; Since the axion and three form field strengths, which couple to the axion, 
are non-active in the present background, then the equation of motion for the axion 
fluctuation is obtained directly from the bulk action as 




(4.12) 
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As above, we rewrite this equation using the following form, x = e*^^e 2 ^ '^^^^^^^ fxiy)^ 
as follows 

-dif, + V,{r)f, = 0, V. = -/. + -^9',-^^^,. (4.13) 

where 

gAy) = -92{y) + 2dy<^ (4.14) 

For m = 3.05GeV and zq = 2.0GeV~^, the values of the potential is shown in the 
Figl21 As shown in this figure, for the case of the axion, we could find two turning 
point (zero-point) for large enough value of m, then the WKB method is useful as in 
the graviton case. 




y 



Fig. 2: The Schrodinger potentials V{z) with zq = 2 (GeV ^) are shown for (a) graviton m = 
2.182(2.15)(GeV) , (c) axion m = 3.05(2.25)(GeV) , and (b) dilaton m = 1.207(1.47) (GeV) 
cases. The vahies in the parenthesis are the data of the lattice simulation |33 | 134 1 [35]. 



Dilaton 0++; 

In the present case, the dilaton is an active scalar, namely it has a classical con- 
figuration. Then its fiuctuation mixes with the scalar component of the graviton. 
Expanding the metric in terms of the scalar and traceless transverse part hjj'" as 

h,, = 2r]ijij + hj^ + ■ ■ ■ . (4.15) 

Then the equation of motion of the scalar mode (, which is invariant under the general 
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coordinate transformation, is given as [36] 



d'yC + 9dy)U + ^ (it^C = , (4.16) 

9dy) = 92{y) + 2^-^. (4.17) 



As above, we rewrite this equation by using = e^^^e 2 ■^'^^^^^^■'/^(y), as follows 

Then we can perform the WKB analysis as above. The behavior of the potential V"^ 
is similar to the one of the graviton as seen from Fig. |2l However, due to a slight 
difference of the potentials leads to the difference of the eigen masses for the graviton 
and the dilaton as shown in the Table [B In any case, the infinite series of the radial 
exitations for the three states are observed in the case of the non-supersymmetric 
background solution. 



4.2 Supersymmetric case 

In the supersymmetric case, we cannot find glueball state from the fluctuation mode of 
the bulk fields since there is no normalizable wave function with definite four dimen- 
sional mass eigenvalue. 

Graviton 2++; 

Firstly, this is shown for the graviton fluctuation. Its equation is given by (14. ip . but 
the metric is used for the supersymmetric solution. In this case, there is no restriction 
to the variable r and we can consider the whole range, < 2 < 00. The equation for 
the graviton is given by setting as above, hij = pije'^^^(f)s{z) and — /c^ = m^, then we 
get 

dl(i)s - \(t>s + = . (4.20) 

This is solved as ^ 

cPs{z) = ^ {CMmz) + C2N2{mz)) (4.21) 
^0 

where Ci^2 are arbitrary constant and m denotes the glueball mass. Jn{x) and Nn{x) 
are the first kind and second kind Bessel functions. It is easily assured that this solution 
is not normalizable since 

r^l0.(^)r (4.22) 
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is divergent. This is because of that there is no infrared cutoff or wall in this case. 

From the viewpoint of the one-dimensional Schrodinger equation, we can see that 
the potential has no two turning points. Actually, for the graviton we have 

V,. = ^^-m\ (4.23) 

This potential has only one zero point for any m, then we could not obtain any mass 
state by the WKB approximation by using this potential. 



Dilaton and Axion 0^"*"; 

In the present case, both the dilaton and the axion have its classical solution. Then 
their fluctuations mix with the gravitational ones. Here we consider the mass eigen- 
modes of the two scalar fluctuations in a special gauge, where they decouple from each 
others. This is performed as follows. 

At first, set the fiucuations, Kmn^ and 5x, of each field as, 

guN = a^{z){riMN + hMN) , $ = $ + 5$, x = X + 5x (4-24) 
where <l> and x denote classical solutions, 

X = -e* + Xo, e^ = l + qz\ q = q/R' (4.25) 
Then, from (12. 4p and 02. 5p . we obtain 



-1 



-hri^'^ - h^^^ ) Om^On^ - 2 (e'^dMSx + 5$^^$) 9^^$ (4.26) 



Om ( a'e'''7]'''''dN6x + a' ( ^hr]''''' - h''''' + 25^v ' ) ^'^On^ ) = (4.27) 



where 



h = hf, 



and the suffices M, N are raised and lowered by tjmn or rj^^ . 
Here we take the following gauge conditions, 

hi - h'' + 25$ = (4.28) 

df.hf'' - 2e^dJx = (4.29) 

and 

U = 0, (4.30) 
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where = is defined as 

where we used the same setting with [37]. Then, (I4.28P and (14.291) are rewritten in 
terms of the fields in (14.311) as 

2* - ^ + + 25$ = , (4.32) 

die + 2e^d,5x = . (4.33) 
As a result, the gauge is completely fixed by the above three conditions. 

Then the eqautions (14.26P and (14.27P are rewritten as 

+ 3-5$' + (ml - 4($')') 5$ = (4.34) 

Sx + (^3^ + 4$'^ 6x + ml6x = (4.35) 
where prime denotes the derivative with respect to z and 

525$ = m|5$ 

dl^x = ml6x 

Then the equation (14.341) is rewritten by using 

as 



-f'l + V^iz)U = 0, (4.36) 

V^{z) = \9l + l9'^-ml-4m' (4.37) 

a' 1 , , 

= 3- = -3- (4.38) 

a z 



And by using 
(I4.35P is rewritten as 



Sx = e^*^^e-^/'^^^^/x 
-/x + ^x(^)/x = 0, (4.39) 



Vxi^) = l9l + l9'^-ml (4.40) 



a' 



g^ = 3-+W (4.41) 
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The typical potentials are shown for both cases in the Fig. [31 As for the dilaton, the 
potential has a deep negative minimum, but the second zero point does not appear at 
the large z side. This situation is therefore similar to the one of the graviton, in which 
case there is no minimum. Namely only one zero point is observed for any m^. Then 
we can not find any glueball state with a finite mass. 



Va 




Fig. 3: Shrodinger potential for the dilaton (left) and axion (right) in SUSY solution 
q = I, = 0.10, and = 3.4. 

As for the case of axion, on the other hand, there seems to be a possibility of glueball's 
existence due to the minimum of the potential and two zero points, say (21,22) (see 
Fig. [3]), which are seen in the Fig. |3l However, this minimum is not deep enough to 
produce a glueball state. We examined the value of 

Jzi 

for varous parameter ranges of q and m^, but it is too small and does not satisfy the 
condition needed for the WKB bound state or (14.91) . 

As a result, the two scalar modes also have no glueball state as the graviton. This fact 
can be related to the metric singularity as mentioned above. Due to this singularity, the 
fluctuation of the classical closed string configuration cannot spread in the bulk. There 
might be several directions to remove this difficulty. One easy way is to introduce an 
artificial cutoff for the coordinate r. Another would be a modification of the model to 
our non-supersymmetric case as a simple example, which is shown above. 
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5 Numerical results for the glueball mass 

The glueball mass depends only on the parameter tq/B? in our model. We show our 
results in the Fig. H] and in the Table [TJ 




2468 10 12 L 1 2 3 4 5 



Fig. 4: Left; Numerical results of our the glueball mass for = 0.5. n denotes the node 
number of the states. Right; The mass ratio, (our calculation)/(the one of D4 model [llj). 
for J^*-" = 2~^~^ spectra. 



Table 1: The glueball masses for tq/R^ = 0.5 (GeV). The column WKB shows our result of 
WKB calucuations in the unit of GeV. J^'^ n denotes spin (J), charge conjugatin (C), parity 
(P), and node number (n) of the corresponding wave- functions respectively. 



•J n 


WKB 


•J n 


WKB 


jPC 


WKB 




2.176 


0-+0 


3.049 


0++0 


1.207 


2++1 


3.689 


0-+1 


4.673 


0++1 


3.390 


2++2 


5.181 


0-+2 


6.221 


0++2 


4.981 


2++3 


6.668 


0-+3 


7.743 


0++3 


6.516 


2++4 


8.154 


0-+4 


9.251 


0++4 


8.031 


2++5 


9.639 


0-+5 


10.752 




9.535 



They are obtained by using Mo(2"'""'") = 2.176, which is given here as an average of 
the lattice simulation [351 ESI [M] and used as an input data. To use this value as an 
input is equivalent to fix the parameter of our model as 

^ = 0.50 GeV. (5.1) 

Our results approximately reproduce the other data of the lattice simulation given as 
[35] Mo(0++) = 1.475 and Mo(0-+) = 2.25 (GeV) for the lowest modes. The masses 
of the exited state with higher node are also shown. Those one of 2"'""'" are compared 
with the results obtained in a different holographic model [11], and we could find that 
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they are almost equal each other. For other spin states, which are not shown here, the 
ratios for those spectra are similaly near one. 

On the other hand, we know another simulation result for the gauge condensate, 
{F^^F^'^), which is given as [38] 

^ :{F^,Fn = O.UGeV\ (5.2) 



4^2 A*-^ 

When this is used, the parameter tq/R^ can be determined independently of the data 
for any glueball mass. In our model, there are three independent parameters, tq, -R, 
and A. They are fixed as follows; 

The value of r^, which is defined as the minimum of the gravitational potential Q{r), 
is given as 

— = rm = l.lSro (5.3) 

with 



Q(r„) = Q„ = 2.40 ( -^j . (5.4) 



Then the meson Regge slope parameter is written in terms of this Qm as 

a' \fX I a' 



, a' \fX (a'V 

OiMesan = 7^ = 7777T " ' (5-5) 



Next, expanding the dilaton as 

= 1 + v^^ + ■ • • , (5.6) 

we find 



4 



^4 



q = ^rl = 7,^F^,Fn\a'\ (5.7) 

Then, using (15. 2p we obtain 

a' 

And, from 05.41) we find 



^=2.17GeV. (5.^ 



a 



Meson 



O.OSSyX (GeV-2) . (5.9) 



Then, finally we get 

ro ro 0.191 



eson 



0.218 GeV. (5.10) 



When we respect this result, we find that the glueball masses are half of the one 
obtained by using (15. ip 
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Both results (15. ip and f lS.lOp are obtained by using the lattice simulations as the 
input in our analysis, and they are not compatible. If both the two lattice results are 
correct, this implies that our model is so simple that we could not reproduce well the 
lattice results since the number of the parameters of our theory may be too small. We 
should add other freedom in our theory, for example other bulk field condensations 
should be considered, but it is not our present scope to discuss this point. 

6 Summary and Discussion 

We have studied the role of the dilaton field being played in the holographic hadron 
physics, especially for the glueballs. Here we have studied two dilaton configurations, 
for supersymmetric and non-supersymmetric cases. In both cases, the dilaton contains 
the condensate of the gauge field strength, {F^yF^^), which determines the properties 
of the vacuum of the Yang-Mills theory. This condensate is intimately related to the 
quark confinement and the tension of the linear potential between the quark and the 
anti-quark. This has been assured through the study of the Wilson-loop and classical 
string configurations obtained as solutions of the Nambu-Goto action. 

The analysis is extended here to the glueballs (closed string), and we find the Regge 
behavior through the classical solutions for the folded closed string case. The result 
shows the slope of the glueball trajectory is the half of one of the flavor mesons which 
are given by the open strings. This relation is expected from the configurations of the 
folded closed string which has two times length of the extended part of the long open 
string. This behavior is seen both in the supersymmetric and non-symmetric cases. 

In the supersymmetric case, however, the stable closed string (classical configuration) 
is found at the horizon of the background (r = 0) where the metric singularity is seen in 
the radial coordinate r direction. This implies that the fluctuation of the closed string in 
the r direction should be suppressed. Then we cannot expect the quantum fluctuation 
mode of the glueballs in the bulk which extends to the direction r. Actually, this point 
is assured by solving directly the equations of motion of the quantum fluctuations of 
the bulk fields. As expected, we cannot find any glueball state in this case. 

In order to evade the metric singularity mentioned above, it would be needed to in- 
troduce an appropriate infrared cutoff in the theory. Although it is easy to introduce it 
by hand as in the hard wall model [391 HQ] , instead, we move to the non-supersymmetric 
solution to find a wall which supports the glueball states. 

For non-supersymmetric case, the bulk curvature is singular at rg, but there is no 
metric singularity at the position, r = rm{> ''"o); where the classical closed-string is 
obtained. The reason why the classical solution is trapped at this point is that this 
point is the minimum point of the gravitational potential for the strings. As for the 
open string, its energy increases with increasing angular momentum or spin. As a 
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result, it grows long and the prolonged part approaches to r = r^- However it cannot 
go over this point Tm even if the energy becomes infinite. In this sense, the static 
strings are blocked there due to the wall. 

Furthermore, we need probe branes, D7 branes for fiavored quarks and D5 branes 
for baryon vertex, to construct hadrons. When the branes are embedded in the non- 
supersymmetric background, they are also blocked by the same wall and cannot pene- 
trate into the region r < r^. Namely their embedded configurations are stabilized in 
the region of r > r^- 

As for the small spin states, they are expressed by the quantum fiuctuations on 
the probe brane for the fiavor mesons or in the bulk for the glueballs. In the case 
of the fiavor mesons, their mass gap is given by the quark mass = w{oo) for the 
supersymmetric case. However, in the non-supersymmetric case, the wall generates 
an infrared cutoff w{0){> r^) due to the finite chiral condensate even if rUg = 0. So 
we could find fiavored mesons with finite mass in the non-supersymmetric case even if 
rriq = 0. 

In the case of the glueballs, on the other hand, the quarks are not contained in the 
state, then there is no mass scale to give a mass gap for the supersymmetric case. Then 
we cannot find any normalizable wave-functions of the glueball wave equation. On the 
other hand, in the non-supersymmetric case, there appears a wall near tq, where infinite 
high potential wall stands for the strings. This implies that we should find the solutions 
of the glueball wave-equations by restricting the dynamical region of the wave function 
to ro < r. This procedure is also adopted in the Witten model, in which the bulk 
configuration has a horizon coming from the bulk black hole geometry. So this point is 
not a singular point of the curvature, but metric singularity is generated at this point. 
In order to evade this singularity, the region of the radial variable is restricted above 
the horizon by introducing an appropriate change of the variable. This procedure is 
equivalent to introduce an infrared cutoff, which provides a mass gap for the glueball. 

In this case, we find discrete spectra of glueballs in the non-supersymmetric case. It is 
possible to adjust the parameters of the theory consistently with the lattice-simulation 
results for the glueball masses. On the other hand, we know the lattice data for the 
gauge condensate, {F^^F^^). When we respect this data, however, we find about half 
values of the glueball mass which are given in the lattice simulation. How to reconcile 
these two lattice-results with our model is an open problem here. 

As for the confining theory proposed by Klebanov and Strassler|41]. it is supersym- 
metric and the potential Q{t) |j has a finite minimum at r = 0, then there is no infrared 
cutoff as in our non-supersymmetric case. However, in the case of KS model, there is 
no metric singularity at r = so the quantum corrections around this minimum point 
are calculable for the classical closed-string solutions. Reflecting this fact, the glueball 

^In the model of Klebanov and Strassler, the variable r corresponds to our r. 
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spectra are obtained without introducing any infrared cutoff. The dual gauge theory of 
this model is however different from our's since the gauge condensate is not present in 
this case. It would be an interesting problem to study the relation to the dual theory 
of our model. This would be an open problem here. 
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A The evaluation of the U-shaped string length 

Here we show that the energy configuration of U-shaped open-string, which corresponds 
to Wilson loop in the dual gauge theory, is infinite at r = r^. To show that, we 
evaluate the first integral in fl2.24p by changing integral variable as e = r — and 
setting 6 = Vmin — fm- Relations between variables are illustrated in Fig. O Expanding 

r 
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D7-brane 


e 








A 












r / 














To 



Fig. 5: The relations between variables, e measures a interval from to r and it can take 
a value from bottom point b to some finite value e 

the function in the root in denominator of this integrand around r = up to second 
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order respect to e or S, it can be evaluated as follows, 



He, 6) ^ 




(A. 1) 



where Q,H is same definition as secJH and 

L ^ J r=rm 

b = {{Q')' H - {Q')' H'5] , 

We can calculate integral (lA. ip by changing integration variable as e = e + ^, and 
then result is 



7(6,5): 



log e 



2a 



'e- + -e + 
a a 



log U + 7^ + J 5^ + -5 + 



2a 



a a 



In the limit of 5 — )■ 0, this expression becomes 



and 



V 



m'H 



2a iQYH + 2{Q^yH' 
1 



{Q^y /{Q^)' + 2H'/H 



(A. 2) 



7(6,0) = {log (e + p+ ^e^ + 2pe) - log (p) } (A. 3) 



(A. 4) 



If the prefactor of (lA. 3P is finite, we can estimate the divergency of this expression 
by estimating p = b/{2a). There might be several ways setting this variable to zero. 
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Our non-SUSY model achieves this due to (Q^)' = 0, whereas Witten's D4 model 
accomplish this due to H / H' = 0. We will see these in the rest of this appendix. 

First, we see about our non-SUSY model. Since our model has the same metric in t 
and X direction, then (Q^)' means (G^J' = 2GiiG[^ and this is zero at r = because 
of G'^^{rm) = 0. We can easily confirm that the only divergent ingredient is (Q^)' and 
others ((Q^)", H, H') are finite at r^, therefore in (lA. 31) the second term is logarithmic 
divergent and its coefficient is finite. 

Second, Witten's model has the metric displayed below, 

0..-i§fj^y HU)^^-i^f. 
In this model, there is the only divergent ingredient, 

H = Gal Guu 

^ ^ ^KK 

Then the second term is logarithmic divergent and its coefficient is finite in flA. 3p 
again, although the reason of divergence is not the same with the case of our non- 
SUSY model. In this case, the cause of the divergence is reduced to H{Ukk) = 
or equally to Guu{Ukk) = +oo. Since it means that Gii{UKK) IGuuiPKK) = 0, the 
measure of i direction is infinitely small compared to the one of U direction. 



B More on Wall 



In this appendix, we demonstrate that the infrared wall which suggested in secj2] for 
classical open string configuration also arise in other classical configurations. The 
analysis is performed for two sorts of classical D-brane configuration, that is, embedded 
D7 brane and D5 brane. 



B.l Wall for D7 brane 

Here, we consider the role of the wall in the D7 embedding. The embedding procedure 
is briefiy reviewed. The world-vomule of D7-brane is set by rewriting the extra six 
dimensional part of (12. 6 p as 

?^dr^ + R^d^l = ^{dr^ + r'dnl) = ^(j:idXr) (B.l) 



u=4 



dp^ + p^dnl + Y.idx'f] ■ (B.2) 



i=8 
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The worldvolume coordinates ^*^(M = ~ 7) of D7-brane are taken as (/i = 
0, ■ ■ ■ , 3) and (p, S^), then its induced metric is expressed as 

dsl = e*/2 (^:^A\r)7^,,dx^dx'' + ^ ((1 + w'{pf)dp' + p'dQl)^ , (B.3) 

where = + w{pY and w' = dpW. Here the D7-brane is embedded under the ansatz, 

{Xy + {Xy = w{pf . (B.4) 

We can set the solution of w{p) as {X^,X^) = (w(p),0) since the background is sym- 
metric under the rotation on X^-X^ plane. Then the DEI action is expressed as 

Sd7 = -rjj Ae*A(r)VvTT^^, (B.5) 

where r-j denotes the tention of D7-brane. 

The equation of motion for w{p) has been solved as 

C 

w(p)=mg + — -\ , p -)■ oo, (B.6) 

p^ 

where rriq and C denotes the current quark mass and the chiral condensate (iptp) 
respectively as known from the dictionary of the AdS/CFT correspondence. In the 
non-supersymmetric case, we notice that the chiral symmetry is spontaneously broken 
[18], namely C > for rrig = 0. 

In the supersymmetric case, we give a comment on the D7 brane embedding. In this 
case, the Chern-Simons term is added to the action in our model due to the existence of 
non-trivial zero-form field, namely the axion. In this case, the lowest energy embedding 
is given by [isj^ 

w = nig = constant . (B.7) 

Here, however, we concentrate on another quantity w{0) of the solution for various 
quark mass rrig. The value of w(0) represents the lowest value of r on the embed- 
ded D7 brane. In a sence, therefore, w{0) corresponds to the infrared cutoff, then it 
would determine the mass scale of the theory, for example the meson mass. In the 
supersymmetric case, the meson mass is actually given as [19] 

2m, 



M = ^^{n + l){n + 2) (B.8) 



i?2 

for radial (n) exited spectra. This is interpreted as the reflection of a finite infrared 
cutoff scale rrig = w{0). Then the mass spectra would disappear in the limit of rrig — 
in this case. The similar phenomenon is seen for the glueballs as shown below. 



^ Since an argument for this solution has recently been given in [30], we give the details of the 
derivation of this result in the appendix [C] . In the appendix, we can see that the results given in |18j 
would not be altered. 

^In this case, 9 = 0, but the situation is similar to the case of g > 0, since q does not provide any 
infrared cutoff as seen above. The explicit q-dependence is examined in [42] . 
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w(p) 




Fig. 6: The typical solutions of D7-brane embedding in the non-supersymmetric background 
for ro = 1. The broken line represents the singular point at r = ro and the dotted line 
represents r = rm- The solution of u;(0) = wi corresponds to massless quark at UV boundary. 
We can see that the relation u;(0) > is satisfied for any quark mass. 



On the other hand, in the non-supersymmetric case, we can assure that the finite 
value of u'(0)(> r^) is seen even if = due to the positive chiral condensate. In the 
Fig. IHl typical examples of the solution are shown. As seen from this figure, we find 
the limitting value of w(0)(> wi) as wi = 1.2318ro for R = 1. This is the reflection of 
the wall, which blocks the classical D7 brane configuration, which is restricted to the 
region r > wi. The meson with small spin is obtained by the quantum fluctuations 
of the fields on the D7 brane, and they are also blocked by this infrared wall for any 
quark mass m^. Since the nearest point of D7 brane is cut at wi outside of even if 
niq is zero, the meson mass obtained from the D7 brane fluctuation get a finite mass 
due to this mass gap. 

B.2 Wall for D5 brane; Baryon vertex 

Furthermore, we can see that the D5 brane, which is introduced as the vertex of baryons 
|31] . is also blocked by the wall. The D5-brane wraps in the bulk x S^, and its 
action is given as [32] 

Sd, = -Ts / rf6^e-* det{GMNdaX^WtX^ + Fab) + rs / A ^(s) , (B.9) 

where Ts denotes D5-brane tention. Fab = 27ra'Fafe, ^4(1) is the U(l) gauge field on 
D5-brane, and G(5) represents the 5-form self-dual field strength of stacked D3-branes. 

After performing the Legendre transformation with respect to the gauge field At to 
eliminate itself, the action is rewritten as [32] 

U = f d9J\Gu\Grr{r'^ + r^)^D{e)^ + sin^^ , (B.IO) 

where N/ (37r^a') = T^Vt^^R'^. The equation of motion for r{9) of the lagrangian ( IB.lOp 
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is obtained as 



^1 v/?2^ j F^^^fpr^ 



where we define U{r) = \Gtt\Grr- In general, the lowest energy configuration is the 
point-like solution for r-direction given by r{6) = r^, where is a constant. Assuming 
that U{rb) 7^ and r?, ^ 0, the value of rt is obtained as follows: 

u'{n)n + 2U{n) = o. (B.12) 

In the non-SUSY background fl2.6p . we find 

n= {VQ + V5y^\o^lA7ro . (B.13) 

Then the classical configuration of the vertex is also trapped at the point above r,n{= 
l.lSro). 

C D7 brane embedding and eight form 

The supersymmetric solutions for the axion x and dilaton $ used here are obtained 
under the ansatz [151 [IB] , 

X = -e-* + Xo, (C.l) 
which is necessary to obtain supersymmetric solutions. The metric is expressed as 

dsl, = e*/2 1^ {-dt' + (dxr) + ^ K + ^'^^3 + idX')' + (dXy) I . (C.2) 

In this coordinate, the solution is obtained as $ = $(r) and = r^^ + (X^)^ + (X^)"^, 
so the nine form field strength dual to the x is given as F(9) = *dx and 

F(9) = g''''^^{dnX dt A dx A d^s A dX^ A dX^ + dsX dt A dx A dr] A d^s A dX^ 

- dgx dtAdx Adr] A dQs A dX^) (C.3) 
= g'^'^V^idriX dfi + dsX dxs - dgx d^^) (C.4) 
where we defined as = ^.nd the outer product as 

df, = dtAdxA dn^ A dX^ A dX^ (C.5) 

etc. Here we notice g^^ = g^^ = {r / R)"^ and e^^^^ggg = 1- 
Introducing the eight form in the form 

C(8) = Uv. X\ X')d^j,, + Mr], X\ X^)d.j,s + g,{v, X\ X')dj^sx, , (C.6) 
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the nine form field strengtli is also obtained by -F(9) = dC(^s) as 

-^(9) ~ drifgd-xa + dgfsdfi + drffgdj^s — dsfddf, + dsg-qdj^g + dgQrjd^s 

Comparing Eqs. (lC.3p and f lC.7p . we find 



Noticing 



(C.7) 

(C.8) 
(C.9) 
(C.IO) 

(C.ll) 

where €3 denotes the metric of part, and using (12. 7p and e* = 1 + g/r^ we obtain 

(C.12) 

Then fg is obtained by solving ( \C.9\i 

/9 = v^gX«(^l + ^^+C9, (C.13) 

where 



_gVV 



Cg 



df] dgg^ 



(C.14) 



In this indefinite integration with respect to rj, we can add an arbitrary function of 
and X^. We consider that it is included in Cg here. Similarly, we obtain /§ from 
f laTOj) as 

(C.16) 



Cs = - J dr] dsgr, ■ 
Then the remaining Eq. (lC.8p is rewritten by using (IC.ISP and ( ]C.13P as 

dgCs-dsCg = 0. 



(C.17) 



While this gives a constraint on the arbitrary functions of X^ and X^ added to Cg and 
Cg, it is however independent of (7^ since we can see 



dgCs - dsCg = -dg J df] dsgr/ + ds J dr] dggr, = 



(C.18) 



where we ignored the added arbitrary functions of X^ and X^. In other words, we 
cannot get any constraint for g^f, which is the main part of the Chern-Simons term of 
the D7 brane action. Here, it is determined as follows. 
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The pull backed eight form fields are written for our world volume of D7 brane as 

C[8] = gi8)dx8x9 = {g-rj - fsX^ - f9X'^)dx8x9 , (C.19) 

where the dot denotes the derivative with respect to 77, for example = d^^X^, and 
the action of the D7 brane is given as 

Sd7 = -Tr I de (e-*v^ + ^(8)) . (C.20) 



Here Q denotes the determinant of the induced metric of D7 brane, which is taken as 



dsl = e''/'\^{-dt' + {dxy) + ^{il + id,X'{r^)Y + id,X%r^)f)dv' 



+ rj'dnl + {dX^f + {dXy) } , (C.21) 
where we notice r'^ = -rf + Xg^ + Xg^. Then Q is given as, 

= v^^'e^Vl + + idr,X\r^)f . (C.22) 

In the above action, the Chern-Simons part ^(8) is given as 

^(8) = - /gX^ - /gX^ (C.23) 

= + g + ^) (X^X^ - X«X9) - QX^ - CgX^ , (C.24) 

where however 5?^, 6*8, and Cg are not given explicitely since they are not determined. 
These undetermined functions would be given by appropriate boundary conditions of 
the system. 

Our purpose is to find an embedding solution of the D7 brane. We try it by an 
ansatz to obtain a simple solution. Consider the parametrization, 

X^ = w(r/)cos^, X^ = w{r])sme, (C.25) 

where ^ is a constant and independent of 77. The embedding is given by the profile of 
w{ri). In general, the solution has the following asymptotic form at 77 —> 00 

w^r]) = mg + ^ + --- (C.26) 

where rUg and c represent the current quark mass and the chiral order parameter, {'ijjip) 
with the quark filed ip. Further simplification is done by setting 6 = or 6 = 7t/2. 
Here we take 6 = 0, then 

^(8) = 9ri - Csw . (C.27) 
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This is rewritten by the partial integration with respect to r] as 

^(8) = 9r, + wCs = g^- wd^gr, = ^sgis) ■ (C.28) 

where fl^, is the volume of and we used Cg = — / drjd^grj. Then the effective D7 
brane action is written as 

Sd7 = -Tj^s J dx^dr] (r/^e^yiT^ + ^(g)) • (C.29) 

For simplicity, we assume as gn = gr^ijj, w{r])), then g(^s) = g{8){Vy "^(.v))- Form ( lC.29p . 
the equation of motion of w is obtained as 




(C.30) 



Here we demand that there should exist a supersymmetric embedding, namely a con- 
stant w (or w = 0) is the solution. This implies our previous Chern-Simon term [18] 

^(8) = -v'e" , (C.31) 

where we have neglected w-independent terms. We should say that this result is not 
unique of course. There are other setting of g(^s) which does not allow the supersym- 
metric solution of w. In such cases, however, we should find some dynamical origin of 
supersymmetry breaking in the dual theory. It may be an interesting problem, but it 
is opened here. 
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